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ABSTRACT. The symbols of hyponormal Toeplitz operators are completely de-
scribed and those are also studied, being related with the extremal problems
of Hardy spaces. Moreover, we discuss Halmos’s question about a subnormal
Toeplitz operator when the self-commutator is finite rank.

1. INTRODUCTION

Let L? be the Lebesgue space on the unit circle I' and let H? be the corre-
sponding Hardy space for 1 < p < oco. The Toeplitz operator T, with symbol
¢ in L™ is the operator on H? defined by Tyx = P(¢x) for x in H?, where
P is the orthogonal projection of L2 onto H?. Brown and Halmos [3] be-
gan the systematic study of the algebraic properties of Toeplitz operators and
showed that T, is normal if and only if ¢ = au + f where a and f are
complex numbers and u is a real-valued function in L*°. A characterization
of symbols of hyponormal Toeplitz operators is known [5]. An operator A is
called hyponormal if its self-commutator [4*, A] = A*4 — AA* is positive.
However the exact descriptions of symbols of hyponormal Toeplitz operators
are not known. The main purpose of this paper is to give such descriptions as
those of Brown and Halmos for normal Toeplitz operators. The symbol of a
hyponormal Toeplitz operator T, satisfies that ¢ — g = k¢, g € H*®, and
k € H® with |k|l.o <1 (see Proposition 1). Therefore |¢ — g| < |$| a.e. on
I', and hence our study is related with the extremal problems of Hardy spaces
H° and H'. In his paper “Ten problems in Hilbert space” [9], Halmos raised
the question: “Is every subnormal Toeplitz operator either normal or analytic?”
A Toeplitz operator T is analytic if its symbol ¢ isin H*. Cowen and Long
[6] answered negatively Halmos’s question. Abrahamse [1] gave a very general
sufficient condition for the answer to be yes, after previous works of [10] and
[2]. In this paper we give a simple proof of Abrahamse’s theorem and a new
sufficient condition for the answer to be yes. A subnormal operator is always
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hyponormal. Hence it is desirable to describe symbols of subnormal Toeplitz
operators in general.

The paper is arranged as follows. In §2, we give the general descriptions of
symbols of hyponormal Toeplitz operators. In §§3 and 4, we study the relation
between the study of the symbols of hyponormal Toeplitz operators and the
extremal problems of Hardy spaces. In §5, we study Toeplitz operators of
symbols of bounded type. In §§6 and 7, the self-commutators of hyponormal
Toeplitz operators are studied. In §8, we discuss a positive answer for Halmos’s
question.

Throughout this paper we use the following lemma which was essentially
proved by Cowen [5].

Lemma 1. T, is hyponormal if and only if there exist two functions k and g
in H® such that ¢ = k¢ + g and k| <1.

Proof. Let ¢ € L and ¢ = h+ 1 where h and [ are in H?. Cowen [5,
Theorem 1] showed that Ty is hyponormal if and only if / = ¢+ T;-h for some

constant ¢ and some function k in H*® with |kl < 1. If ¢ = ké + g,
g€ H*®, and k € H*® with ||k||» < 1, then

b—kd=1—kh+h—kl.

Therefore / — kh € H? and hence [ = ¢ + T:h for some constant ¢. Thus Ty
is hyponormal. For the converse the proof above is reversible.

2. GENERAL DESCRIPTION OF SYMBOLS

In this section, the general descriptions of symbols of hyponormal Toeplitz
operators are given. Two kinds of symbols of Toeplitz operators in Propositions
1 and 2 are typical and the arbitrary symbol is a combination of these two
symbols. If ¢ is an inner function then g = (1 + ¢)2/|1 + g|>. We define gq'/2
as in the following:

g =(1+4q)/|1 +4l.
For an arbitrary nonzero function & in H*, if g is the inner part and 4 is
the outer part then put k'/2 = g'/2h'/2_ We should note that (z2)!/2 # z. For
a measurable set E of I', yg denotes the characteristic function of E .

Proposition 1. If ¢ = q'/>u+ g where q is inner, u is a real function in L>,
and g is a function in H* with qg in H>, then T, is hyponormal.

Proof. Since ¢ —qd = g—qg and gqg € H®, ¢—q belongsto H>® . Lemma
1 implies that T, is hyponormal.

Proposition 2. If ¢ = (kg + g)/(1 — |k|?) is bounded where k and g are
Sunctions in H* and |k| <1 a.e., Ty is hyponormal.

Proof. A calculation implies that ¢ — k¢ = g and hence by Lemma 1 T, is
hyponormal.

Theorem 3. Let ¢ be a nonzero function in L> . T, is hyponormal if and only

if

kg +
¢=xe(k'?u+1g)+ xErlf—Ik‘lgz,
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where k and g are functions in H® with |k|. <1, E ={e!% € T': |k(e'?)| =
1}, kg =—g ae on E and u is a real-valued function in L> .

Proof. For the ‘if” part, by a simple calculation
¢—kd=re(3g - 3k8) +xecg=2¢
because kg =—g a.e.on E. B
We will show the ‘only if® part. Lemma | shows that ¢ = k¢ + g where

g € H* and k € H® with |lk|joo < 1. Put E = {€'% € T: |k(e'?)| = 1}. If
g =0 ae., then ¢? = k|¢|* and hence ¢ = xgk'/>u where u is a real-valued
function in L>* . We will assume that g is nonzero. Since ¢ = k(k¢+8)+ g,
(1 - |k|*)¢ = kg + g . This implies that on E€

¢ =(kg+g)/(1 - k|*)
and on E, kg + g = 0 and hence ig = k'/?|g|(2xg, — 1), where Ej is a
measurable set of I'. Since ¢g~' —kpg™! =1,

¢/g+¢/Z=1 onE

because kg = —g on E. Then
¢=(ig)lm(pg™") + g =k'"*u+ig

and u = |g| Im(¢g~")(2xE,—1) because ig = k'/?|g|(2xg,—1) . This completes
the proof.

In Theorem 3 ¢ has the different forms on E and E¢. We can expect that
dO(E) = 2m or dO(E°) = 2rn. However this is not the case by the following
example. If k = exp(xg—1+iv) then ||k|loc <1, |k|]=1 ae.on E and |k| =
e~! a.e.on E°, where v is a harmonic conjugate of gz and 0 < dO(E) < 2x.
Put g = ik'/2. Then

¢ =xe(k'? +3g) + xe(kZ + g)(1 - |k|*)™!
is bounded and kg + g =0 on E. Moreover,
¢ =k {(1+ 3i)xe +i(1-e ") (1 —e )" ype}.

Therefore ¢ is not of bounded type and hence this representation is unique
(see §6). In Proposition 2, if ||k|lco < 1 then ¢ is bounded for arbitrary g in
H> . In Proposition 1, if ¢ = z then g is a polynomial of degree at most one.
For arbitrary k in H*, we want to know such functions g. For k € H®
with [[k|l < 1, put

#(k)={ge H®: ¢ = kd + g for some ¢ € L™}.
By [5, Theorem 1] we can describe # (k) as
H(k)={geH®: g=f—kf+Tf - k(Tf) for some f € H*}.
The following corollary gives another description of # (k).

Corollary 1. Let k be in H® and ||kl < 1. Then # (k) is a nonzero real
subspace of H® and

H(k)={ag:|g+kg|+|k|<1lae,hgeH®and a € R}.
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If |klloo < 1 then # (k) = H>® and if k is inner then
H(k)={ge H*: kg =-g}
={g—kg:ge H*ckzH?* and g € H*}.

Proof. 1t is clear that (k) is a real subspace and 1 — k € #(k). Since
(1 — |k|?)¢ = kg + g by the proof of Theorem 3, # (k) has the form above.
Hence if ||k||o < 1 then #(k) = H™ trivially. If k is inner then |g+ kg| <
1—1|k| =0 and hence g = —kg. Thus Z(k) = {g € H*: kg = —g}. If
g = & — kg where g € H* o kzH? and g € H*, then kg, = —go and
g € #(k). If gy € #(k) then kg, = —go and hence g, € H?> © kzH>.
Put g = g/2; then gy = g — kg and g € H?> © kzH?. Therefore # (k) =
{g-kg:ge H*okzH? and g€ H®}.

In the following corollary the equivalence between (1) and (2) is clear by
Theorem 3. Statement (3) shows that such a hyponormal Toeplitz operator is
the product of a normal Toeplitz (possibly unbounded) and an analytic Toeplitz
operator (hence subnormal).

Corollary 2. Let ¢ be a function in L™ . Then the following are equivalent.
(1) ¢=qd+g where q is inner and g € H™.
(2) ¢ = q'?u+ g where u is a real-valued function in L>, q is inner,
and g € H® with qg = —g.
(3) ¢ = (v +c)f where v is a real-valued measurable function, c is a
complex number, and f € H> with qf = f.

Proof. We will show only the equivalence between (2) and (3).
(2) = (3). For some measurable subset £ of I'

q'? =ig2xe —1)/lgl

because gg = —g. Put v = u(2xg — 1)/|g|, f = ig, and ¢ = —i; then
p=wW+o)f.

(3) = (2). Let ¢ = a+if where a and B are real. For some mea-
surable subset E of I, f/|f] = q'/>(2xg — 1) because qf = f. Put u =

|fl(v+a)(2xe — 1) and g =iBf;then ¢ =q'*u+g.

3. EXTREMAL PROBLEMS IN HARDY SPACES

The equation of a hyponormal symbol ¢: ¢ = k¢ + g is related to the
extremal problem in H> (and hence H') (cf. [8, Chapter IV]) because |¢ —
gl < || ae.on I'. When ¢ = k¢ + g and ¢ # O a.e., the following are
equivalent: (1) g =0 ae., (2) ¢ = k¢, (3) é = k'/>u where k is inner and
u is a real-valued function in L> , and (4) ¢ = fv where v is a real-valued
measurable function and f € H® with kf = f. When does the symbol ¢
satisfy one of the equivalent conditions? Such Toeplitz operators have been
studied in [4]. We answer this question in the following theorem.

Theorem 4. Let ¢ be in L™ and ¢ #0 a.e.

(1) When log|@| is not integrable, T, is hyponormal if and only if ¢ = qé
for some inner q .
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(2) Suppose T, is hyponormal. If there does not exist a nonzero function g
in H® with | — g| < |§| a.e. then ¢ = q for some inner q.

(3) Suppose Ty is hyponormal and nonnormal. If ¢ = qé for some inner q
then there does not exist a nonzero function g in H® with |¢—g| < |d|
a.e.

Proof. (1) Suppose T, is hyponormal and log|¢| is not integrable. If ¢ does
not have the form ¢ = g¢ for some inner ¢, then by the remark above Theorem
4 there exists a nonzero function g in H* such that |¢ — g| < |¢| a.e. Hence
|g|? < 2|¢||g| and log|¢| is integrable. This contradiction shows that ¢ = q¢
for some inner g. The converse is just Lemma 1.

(2) By the proof of (1) if ¢ does not have the form ¢ = gé for some inner
q , then there exists a nonzero function g in H* such that |¢ — g| < |¢| a.e.

(3) If there exists a nonzero function g in H* with |¢ — 2| < |¢| ae.,
then by the proof of (1) log|#| is integrable and hence there exists an outer
function k in H> with || = |k|. Put Q = ¢/k then |Q+ g'| <1 a.e. where
g = g/k. By a lemma of Koosis (cf. [8, pp. 161-163]) there exists an outer
function f in H' such that Q = f/|f|. If ¢ = q'/?u where qis inner and u
is a real-valued function in L*° then

qa'uflul = ¢/16| = |fkI/ fk,

and hence q(fk)? = |fk|*>. Therefore q(fk)> is a nonnegative function in
H'/2 and hence by [13] q(fk)? is constant. Since f and k are outer, g is
constant and T, is normal. This contradiction implies (3).

Corollary 3. Suppose T, is hyponormal and ¢ # 0 a.e.
(1) If there does not exist an outer function h in H* such that T;Ty >
T; T, then ¢ =q¢ for some inner q.
(2) Suppose T, is not normal. If there exists an outer function h in H*

such that TyT; > T;T, then ¢ does not have the form ¢ = q¢ for
some nonconstant inner ¢ .

Proof. By [12, Theorem 2], there exists an outer function # in H* such that
T;Ty 2 Ty T, (or TyT3 > T;Ty) if and only if there exists a nonzero function
g in H* such that |¢ — g| < |¢| a.e. (or |¢ —g| < |¢| a.e.). Now Theorem 4
implies the corollary.

The converses of (2) of Theorem 4 and (1) of Corollary 3 are not true. For
example, if ¢ is a positive invertible function in L> then ¢ = ¢ and T;Ty =
T, de > T} T, for some positive constant ¢ and there exists a nonzero function
g in H*® with |¢ — g| < |¢| a.e. Statement (3) of Theorem 4 (or (2) of
Corollary 3) is the weak converse of (2) (or (1), respectively) for nonnormal and
hyponormal Toeplitz operators. Now we concentrate on unimodular symbols
of Toeplitz operators. In the following theorem (3) is known in the different
proof [1, Proposition 2].

Theorem 5. Let ¢ be a unimodular function in L.

1) If Ty is hyponormal then ¢ = f/|f| for some nonzero function [ in
[
H' or ¢? = q for some inner function q .
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(2) If ¢ = |f|/f for some nonzero function f in H' whose inverse does
not belong to H', then T, is not hyponormal.

(3) If T, is hyponormal and ¢ = qb where q and b are inner functions,
then ¢ = b, where b, is an inner divisor of b.

(4) Suppose ¢ = f/|f| for some nonzero function [ in H' and f is of
bounded type. If Ty is hyponormal then ¢* = q for some inner q.

Proof. (1) If T4 is hyponormal then by Lemma 1 |¢—g| < | a.e.and ¢(¢—¢g) €
H> forsome g in H* because |¢| = 1 a.e. If g is nonzero then by a theorem
of Koosis (cf. [8, pp. 161-163]) ¢ = f/|f| for some nonzero f in H'. If g
is zero then ¢? = g for some inner q.

(2) If T, is hyponormal then by (1) |f]|/f = h/|h| for some nonzero h
in H' or |f]?/f* = q for some inner g. When |f|/f = h/|h|, hf is a
nonnegative function in H'/2 and when |f|?/f? = q, qf?* is a nonnegative
function in H'!/2. Hence by [13] hf is constant or gf? is constant. Both
contradicts that f~! ¢ H!.

(3) Put gb = q,b; where g, and b, are relatively prime inner functions. If
T, is hyponormal then by Lemma 1¢,b, = kq;b, + g where k and g are in
H®° . Therefore

b} = kgt + q1b1g = qi(kqi + big)
and hence ¢, is constant. This implies (3).
(4) If T, is hyponormal then by Lemma 1

f=kf+¢glfl
where k and g arein H>® . If g iszero then ¢ is an inner function. Suppose
g is nonzero. If g is an inner function with ¢gf € H' then by the equality
above gg|f| belongs to H!. Put f = bh and g = s/, where b and s are

inner and h and / are outer. Then gsb|f|/f € H® and hence ¢ = Qgsb for
some inner Q. Now (3) implies (4).

Corollary 4. Put ¢ = f/|f| and

H(Z—a, HZ_ﬂJ HZ_VJ)

Jj=1

B

where|aj|<lf0r1§]§l |/3,|-lfor1_<_ <m
1 < j<n. Then Ty is hyponormal if and only if l >n

1 <j<n where {}}"_, isa subset of {a;}_,

Proof. ¢*= f2/|f1*= f/f and
N - +m+n Z- tl-yitz
[lem T2 T 1

j=1 j - 22T

, and |yj| > 1 for
and o/7; =1 for

By (4) of Theorem 5, T, is hyponormal if and only if ¢? is inner if and only
if
ﬁ zZ - Qaj - yj‘_l z
. J—
= 1 a]z =1 z — y}

belongs to H> . This implies the corollary.
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4. ARGUMENTS OF SYMBOLS

If T, is hyponormal, |¢| > 0 a.e., and ¢o = ¢/|¢| thenis T, hyponormal?
In this section we answer this question. Statement (3) of Proposition 6 is a
generalization of (4) of Theorem 5.

Lemma 2. Suppose log|¢| is integrable, ¢o = ¢/|d|, and s = h/|h| where h
is an outer function in H> with || = |h|. T, is hyponormal if and only if
do(do —sg) =k, where g and k arein H*®, and |k|o < 1.

Proof. By Lemma 1, T, is hyponormal if and only if ¢ — g = k¢ where g
and k arein H®, and ||k|l. < 1. Since ¢ = ¢osh, ¢ — g = k¢ if and only
if ¢o(po —sg1/h) = k. Since g,/h isin H*, this implies the lemma.

Proposition 6. Suppose |p| is positive almost everywhere and ¢y = ¢/|¢| .

(1) If Ty is hyponormal and log|$| is not integrable then T, is hyponor-
mal.

(2) Suppose |¢| = |h| for some outer h in H* and h/|h| is inner. If T,
is hyponormal then T, is hyponormal.

(3) Suppose ¢ and ¢ are of bounded type and ¢3 & H®. Then if Ty is
hyponormal, T, is not hyponormal.

Proof. (1) By (1) of Theorem 4, ¢ = g¢ for some inner ¢ and hence ¢ = q?ﬁo .
This implies that Ty is hyponormal.

(2) In Lemma 2, s is inner by the hypothesis on 4/|h| and hence T, is
hyponormal.

(3) Under the conditions on ¢, ¢, and ¢y, if both T, and T,, are hyponor-
mal then we claim a contradiction. By Lemma 1, there exist four functions
ki, ky, g ,and g in H® suchthat ¢ = k;¢+ g and ¢ = kadpy+ & . If &
is zero then this contradicts that ¢3 is not inner. If g, is nonzero then

¢ = k¢ + &2]9|-

Since both ¢ and ¢ are of bounded type, |¢| is also of bounded type and
hence ¢ is of bounded type. Therefore ¢g = Gghb where g and b are inner.
By (3) of Theorem 5 ¢¢ is inner. This contradicts that d% is not inner, too.

5. BOUNDED TYPE SYMBOLS

Abrahamse studied a hyponormal Toeplitz operator 7, when ¢ or ¢ is of
bounded type. He gave several sufficient conditions [1, Proposition 1]. In this
section we give necessary conditions, partially solving Problem 1 in [1]. If ¢
is of bounded type then ¢ has the form ¢ = gg.h where g, and g, are
relatively prime inner functions, and # is outer. We call gy a minimal inner
function for ¢ when g is inner and it satisfies the following: if ¢ is inner
with g¢ € H® then gog € H® . In fact g, is the minimal inner function for

é.

Propeosition 7. Suppose ¢ is of bounded type, that is, ¢ has the form ¢ = q,q:h
where q, and q, are relatively prime inner functions, and h is outer.

(1) If Ty is hyponormal then h/h has the form h/h = FG where F and
G are inner, and Gg: is in H®.
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(2) If h/h = FG where F and G are inner, and both Gq; and Fq3} are
in H®, then T4 is hyponormal.

Proof. (1) By Lemma 1 and the hypothesis on ¢, §,9:4 — g = kq,q,h where
g and k are in H* and hence!'

% — ©10:8/h = kaih/h = kq{GF
where G and F are inner. Therefore G(g? — q1928/h) = kq}F and hence
Gqi 2 € H*™ becasue ¢, and g, are relatively prime.
(2) If h/h = FG then by the hypothesis on F and G,

h . —
?_ 0L _ (G6)(g3F) € H>.

¢ 41‘12h
Lemma 1 implies that T is hyponormal.

Corollary 5. Let m and n be nonnegative integers. Suppose ¢ =Y. j=—nd ajz’,
a_, #0, and a,, # 0, then the following hold.

(1) If Ty is hyponormal then m > n.

(2) Suppose m > n and if z"¢ is zero on a point zy outside the closed unit
disc, then it is zero on the inverse of Zy with higher multiplicity. Then
T, is hyponormal.

(3) Suppose m =n and Ty is not normal. If z"¢ does not have any zeros
in the open unit disc then T, is not hyponormal.

(4) Suppose m = n and if z"¢ has zeros only on the unit circle, then Ty is
normal.

Proof. Put k = z"¢ = gh where ¢ is inner and /4 is outer, and write

where |aj| < 1 for 1 < j </, |Bj|=1 for 1 < j<t,and |y;|] > 1 for
1 <j<s. Then

and /
t 5
h= Hl_af HZ—BJHz—yj)
i=1 j=1 j=1

J
and the degree of k =m+n=1[+t+s. Hence

t - s l_y_]
7=jl:[1 H/j m+nHz_aO,leZH i—l'

1 =1 £ 77

(1) If T, is hyponormal then by (1) of Proposition 7 z™*"/z2" is analytic
and hence m > n.

(2) By the hypothesis /7, = 1 for 1 < j <s </ where {«} §=l = {()zj}ﬁ.=l ,
and hence
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Then (2) of Proposition 7 implies (2).
(3)If m=n and k =[]j_,(z - B;) [I)=,(z— ;) then

t s
i=TlE-B)IlE-7) =7k

j=1

t s
k' = H (1- 'BJ H
J=1 J=1
By (2) T* is hyponormal and hence if 7}, is not normal then it is not hyponor-
mal.
(4) is clear by (2) and (3)

When ¢ = a_1Z+ap+ a1z and a_; # 0, it is easy to see that T, is
hyponormal if and only if |a;| > |a_;|. When ¢ = Z(z — a)(z — y) and
ay # 0, Ty is hyponormal if and only if |ay| < 1. Therefore the question
about polynomials is still open.

~.

where

Corollary 6. Suppose ¢ is a rational function in L>: ¢ = k,/k, where k, and
ky are relatively prime analytic polynomials with the same degree. Write

!
k1=Hz—aj f[z—c,
j=1 j=1

where |aj| <1 for 1 <j<I[ and |cj]>1 for 1 <j<n, and
S

d e
ky=[J(z=en]](z- 8]z -
j=1 j=1

j=1
where |aj| <1 for 1 < j<d, |Bj|=1 for 15] e, and|y1|>1forl<
J < [ If Ty is hyponormal then {a;'}'_ C {e;}"_ . If {a;'}_, € {¢;}1_,
and{a;"}4_ > {7;})_| then T, is hyponormal.

Proof. Suppose kj =gq;h; (j =1, 2) are inner outer factorizations. Then

¢ =q,92h and h = hy/h; . Since
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where 4 and B are constants, [+n=d+e+ f, h/h=FG, and

l—yj_'z " z—Ej"

f
F=Cq||—— and G=
423[11 2—7;' 4111—_:111_0;12

where C is a constant with absolute value 1. Now Proposition 7 implies the
corollary.

6. SELF-COMMUTATOR OF Ty
For ¢ in L, put
E@)={keH*: ¢=k¢+g, g€ H®, and [k|w < 1}.

If £(¢) contains an inner function g then by Corollary 2 ¢ has a simple form.
In this section we study when & (¢) contains an inner function.

Proposition 8. Suppose & (¢) contains at least two elements. Then the following
are valid.

(1) ¢ is of bounded type.
(2) For any fixed function k in &(¢)

&(¢)={k+qof: lk+qoflleo < 1and € H?}

where qo is the minimal inner function for ¢ .
(3) There exists an inner function b in & ().

Proof. If k; and k, arein &(¢) and k| # k, then ¢ = ko + g = kop + &
for some g, and g in H*. Hence (k; — k;)¢ = g» — g and this implies
(1). Since (k; — kz)¢ € H®, q¢ belongs to H® where g is the inner part of
ky —ky . If go is the minimal inner function for ¢ then g,q € H>* and hence
go(ky — kp) € H>® . This implies (2). If &(¢$) contains at least two functions
then by (2) and a well-known theorem of Adamyan, Arov, and Krein (cf. [8,
Theorem 5.3]) there exists an inner function in &(¢).

We use Hankel operators. For ¢ € L*°, the Hankel operator Hy: H? -
L*oH? isdefined by Hy f = (I-P)(¢f) for f € H?, where P is the orthogonal
projection of L? onto H? (cf. [14]).

Proposition 9. Suppose ¢ is not bounded type and T, is hyponormal. If
Ker[T}, Ty] # {0}

then there exists an inner function in & (¢).
Proof. Suppose x € Ker[T;, Ty] and k € &(¢). Then |Hyx|l2 = ||Hyx|>
because T3T, — TyT; = H£H$ — H;H; and

[Hyxll2 = [[H,zxll2 < ||k Hpx||2 < || Hpx]|>.

Since ¢ is not of bounded type, ||[Hyx| # 0 and hence |k| =1 a.e.

The following lemma is known and is easy to prove.
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Lemma 3. For k € &(¢),

where k(z) =k(Z) and (Jx)(z) = x(Z)Z for x in L?.

Theorem 10. T, is hyponormal and [T}, T4] is a finite rank operator if and

only if there exists a finite Blaschke product b in &(¢). Then we can choose b
such that the degree of b = rank[T} , Ty].

Proof. If b € &(¢) is a finite Blaschke product of degree n then
rank(1 — JT, T3 JIZH) <

and hence by Lemma 3 rank[T;, T;] < n. We will show the existence of a
finite Blaschke product b in &(¢) of degree n, assuming that k € &(¢) and
rank[T; , T;] = n < oco. If ¢ is not of bounded type then Ran Hg is dense in
70 and hence by Lemma 3 rank[T;, T,] = rank(1 — JT} J |Eﬁz) . Hence
E is a finite Blaschke product of degree » and so is k. Now we assume that
¢ is of bounded type. Then by Beurling’s theorem Ker H; = qH 2 for some
inner g . By Lemma 3 Ker[T;, T,] 2 Ker H¢7'

Case (i). Ker[T;, T,] = Ker H . Then the closure of Ran[T}, T,] = H?©
gH? and hence

dim(H? © gH?) = rank[T; , Ty] = n < oo.

Therefore g is a finite Blaschke product of degree n. By Pick’s theorem (cf. [8,
Theorem 2.2]), there exists a finite Blaschke product b such that b € k +gH>
and the degree of b isatmost n. Ker H; = ¢H 2 implies that g is the minimal

inner function for ¢, and hence by (2) of Proposition 8 » belongs to &(¢).
Case (ii). Ker[T3, Ty] 2 KerH;. Then there exists a function x in

Ker[T}, T4] such that ||H$x|| # 0. The proof of Proposition 9 implies that k
is inner. Since Ker Hi = q_zﬁ2 = the orthogonal complement of Ran Hg in
7 , by Lemma 3
rank[7;, Ty] = dim(1 — J T, T} J)HzH’
=dim(1 - T; T} )(H* © §H?)
=dim{H? e gH?/(H? © H*) N kH?).

By a theorem of the first author [11], k is a finite Blaschke product of degree
n.

Corollary 7. If ¢ is a trigonometric polynomial and T, is hyponormal, then
there exists a finite Blaschke product in & (¢).

7. KERNEL OF THE SELF-COMMUTATOR OF T}

In this section we are interested in describing Ker[T; , T;,] when T, is hy-
ponormal. &(¢) > 0 if and only if ¢ € H>*. Then Ker[T;, T,] = {0} or
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Ker[T‘;, T,] = qH? for some inner function ¢. Proposition 11 is a gen-
eralization of this. There is a constant B in &(¢) with |f] = 1 if and
only if ¢ = B'2u+ o where B and o are constants and || = 1. Then
Ker[T;, T,;] = H?. Proposition 12 is a generalization of this.

Proposition 11. If there exists a function in &($) which is not inner, then
Ker[T3, Ty] = gH? for some inner q or Ker[T;, T,;] = {0}. Hence if &(¢)
contains at least two functions then Ker[T}, Ty] = qgH?.
Proof. Let k be not an inner function in &(¢). Then Ker(1 — T;T}) = {0}
because k is not inner. Hence by Lemma 3 Ker[T?, T;] = Ker Hg and this
implies the proposition.
Proposition 12. If there exists an inner function q in &(¢) then
Ker[T;, T3] ={x € H?: Tg(qx) €qH?} = Ker(TZTq - T, TE)'
Proof. 1t is sufficient to prove that Ran[T}, T,] is dense in Tyz;(H? © qH?).
Since
* * * ~ —_772 552
H3J(1 - T;T; VH? = HgJ(Hz 6 GH?) = P¢(ZH oqzH)
= P¢q(H* © qH?) = Ty5(H* © qH?),
by Lemma 3 Ran[T(’; , Ty] is dense in Tyz(H 2o qH?). The second equality is
trivial.
Lemma 4. H;H, = H;H, if and only if ¢ — cy € H™ for some constant c
with |c|=1.
Proof. If HyH, — H;H, > 0 then by the proof of [5, Theorem 1] there exist
two functions k and g in H* with | k|l < 1 suchthat ¢ = ky+g. Lemma
1 is the special case: y =¢. Hence H;H, = H; H, then there exist two other
functions 2 and f in H*® with ||A|l < 1 such that ¥ = h¢ + f. Then
(1-kh)¢p =kf+g. If 1 —kh is nonzero then 1 — kh is outer and hence
¢ belongs to H>. Similarly w € H*. If 1 = kh then both k and h are
constants with |k| = |h| = 1. Hence ¢ — cy € H*>® for some constant ¢ with
|c] = 1. The converse is clear.
Theorem 13. Let Ty be hyponormal. Then Ker[T; , Ty] 2 qH? for some inner
function q if and only if ¢ is of bounded type or T, is normal. Moreover if
Ker[T;, T, 2 qH?, and Ty is not normal then Ker H3 2 qH?.
Proof. By Lemma 3 Ker[T;, T4] 2 Ker HE and hence the ‘if” part is clear. We
will show the ‘only if> part. If Ker[T}, Ty] 2 ¢H? then

0=TJT;, TylTy = T}, Ty — T2 T3, = HE H

g Laq = M5, Hg, — Hyg Hyg.

By Lemma 4 ¢g — cpq € H® for some constant ¢ with |c| = 1. Since Ty is
hyponormal, ¢ — k¢ = g € H® for some k € H® with ||k|j.c < 1. Hence
&(1 —ck)g € H® . If ¢ is not of bounded type then 1 —ck = 0 and hence
k = . By the remark above Lemma 4, T, is normal. If 7, is not normal then
1 — ck is nonzero and hence 1 — ck is outer. Therefore ¢gq € H? and hence
Ker H; 2 qH 2
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8. SUBNORMAL TOEPLITZ OPERATOR

In this section we will give a simple proof of the Abrahamse’s theorem
[1] which gives a sufficient condition for the positive answer of Halmos’s
question [9]. Then we will consider subnormal Toeplitz operators with self-
commutator of finite rank.

Theorem 14 [Abrahamse]. If T, is subnormal and if ¢ or ¢ is of bounded type
then T, is normal or analytic.

Proof. If Ty is subnormal then by Lemma 1 ¢ = k¢ +g, k € H®, and
geH®. If ¢ ¢ H® and ¢ is of bounded type then k is nonzero and hence
& is also of bounded type (see [1, Lemma 6]). Therefore, we may assume that ¢
is of bounded type. If T is nonnormal then ¢H?* = Ker Hg C Ker[T}, Ty] and

q is a nonconstant inner function. T, Ker[T;, T4] C Ker[T;, T;] because T,
is subnormal [1], and hence T(qH?) C Ker[T;, T,]. While ¢g € H* because
Ker H, O Ker HE’ and hence the closure of ¢gH? is an invariant subspace in
Ker[T;, T,]. By Beurling’s theorem and Theorem 13, ¢qH?* C Ker H; = gqH?
and hence ¢ € H™ .

Recall that a Toeplitz operator Ty is hyponormal and Ran[T}, T,] < oo if
and only if ¢ = g+ g where q is a finite Blaschke product and g € H* . The
proof of Proposition 12 shows the following lemma.

Lemma 5. If ¢ = qp + g where q is inner and g € H® then the closure of
Ran[T}, T,] equals the closure of Tz(H? & qH?).

Lemma 6. Suppose ¢ = qb + g where q is inner and g € H®, and Ty is
subnormal.
(1) Put M = the closure of Ran[T}, T,] + (H?> © qH?) then M is a
Tg-invariant subspace.
(2) If ¢ is not of bounded type then Ran[T;, Tyl N (H*© qH?) = {0}.
Proof. (1) Since ¢ = qp+g, T5(H* 0qH?) C Too(H* ©qH?) + Tg(H? ©qH?) .
Hence by Lemma 5

T5(H*© qH?) C the closure of Ran[T}, T,]+ (H* © ¢H?).
This implies (1) because the closure of Ran[T, Ty] isa T; -invariant subspace.

(2) Since Ran[T}, T,] C T,7(H? © gH?) by the proof of Lemma 35, it is
sufficient to prove that

Tz(H?*©qH*) N (H? & qH?) = {0}.
If x € Tyz(H? © qH*) N (H? 6 qH?) then x = Ty for some y € H* 6 gH*.
Since T;x =0 because x € H?> 6 gH?,
T¢32y = T;Tﬁy = TEX =0 s

and hence ¢g°y = zk for some k € H?. Therefore ¢q(q¥y) = zk € H?> and
qy € H?>. If ¢ is not of bounded type then y = 0 and hence x = 0. This
implies (2).
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Theorem 15. If T, is subnormal and ¢ = qé where q is a finite Blaschke
product, then T, is normal or analytic.

Proof. By Abrahamse’s theorem we may assume that ¢ is not of bounded type.
Under this assumption, we show that g is constant and so T is normal. Since
¢ =q¢ and q is a finite Blaschke product, by Lemma 5

Ran[T;, Tyl = T5(H? © qH?) = T;(H? © qH?).
Since T, is subnormal, T$ Ran[T}, Ty] C Ran[T;, Ty] and so
T5{Ran[T}, Tyl + (H* © ¢H*)} = Ran[T} , Ty].
Then by (2) of Lemma 6
dim Ker T3|{Ran[T}, Ty] + (H? © ¢H?)} = dim(H* © gH?),
and hence dimKer 75 > dim(H 2o gH?). The relation ¢ = g¢ also implies
Ty(Ker T5) C Ker Ty = H?o gH?.

Since Ty is hyponormal, Ker Tg D KerTy and KerT; = {0} by Coburn’s
theorem [7, Proposition 7.24]. Therefore we have Ty(Ker Tg) = H?>oqH? and
so RanT, O H*> © gH?. Then, noting the relation 7,7, — T,T, = H;H, and
RanH; = H 2oqH?, we see that the inclusion Ran Ty D ¢"(H?>©qH?) implies
RanTy D ¢"*'(H? © qH?) for n = 0,1,2,.... Thus we have RanT,; D
Un>0 4" (H*©qH?) . Suppose ¢ is not constant. Then \/,5,¢"(H*6qH?) = H?
and T, has dense range. On the other hand, the relation i,,(Ker Tg) = H’oqH?
implies Ker T # {0} . This is a contradiction. We conclude that g is constant.
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